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Abstract. The aim of this work is to study how different oscillatory behavior of centrosomes and their mass
arrangement affect the kinetic energy of pairs of dyads of sister chromatids in the system of a mitotic spindle during
metaphase. The analyses are done through a biomechanical oscillatory model of the mitotic spindle. Analytical
expressions for the kinetic energy of the oscillating dyads of sister chromatids are given for the case when the
biomechanical system of the mitotic spindle is conservative, linear, and when it oscillates under external single
frequency oscillation. Numerical analyses with some approximation for mouse chromosomes are done. Our
numerical experiment reveals that the kinetic energy of the oscillating dyads of sister chromatids has an oscillatory
character and is affected by the chromosomes’ mass distribution and the frequency of centrosome excitation. The
difference in energy distribution regarding different centrosome oscillatory frequencies in the same cell and the mass
chromosome distribution may carry additional epigenetic information and could be important for the process of cell
differentiation.
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1. INTRODUCTION
The pattern of chromosome movements during the
cell division process is specific in each phase of the cell
division cycle, showing spatial, temporal, and cell-typespecific organization [1], [2]. At the spindle equator,
chromosomes have different patterns of oscillations
[3]. Inspired by this different pattern of chromosome
movement behavior, a mechanical oscillatory model of
the mitotic spindle is created [4] to explain the
chromosome movement dynamics in the metaphase
and anaphase of the cell division cycle.
The centrosome, a cell organelle that functions as a
microtubule organizing center, governs the movements
of chromosomes during metaphase and anaphase. As
the cell has one centrosome, the centrosome has to
divide and move to the opposite poles of the cell to
form a mitotic spindle. As a result of that centrosome
division and movements, the poles of the mitotic
spindle contain one old and one young centrosome.
The positioning of the centrosome influences the
directionality of cell division [5]. In an asymmetric
division of stem cells, the age of centrosomes affects the
stability of the microtubule-kinetochore complex.
Kinetochore-microtubules
associated
to
old
centrosomes are more stable than those associated to
young centrosomes [6]. The repositioning of a
centrosome in cells with pseudopods stabilizes a
chosen direction of movement [7]. Whether a
neuroblast divides symmetrically or asymmetrically
handjelka@turing.mi.sanu.ac.rs

often depends on the orientation of the mitotic spindle,
and this is dictated by centrosomes. The centrosomal
protein centrobin is responsible for asymmetric
centrosome behavior [8].
The aim of this work is to study how a different
oscillatory behavior of centrosomes and their mass
arrangement affect the kinetic energy of pairs dyads of
sister chromatids in the system of the mitotic spindle
during metaphase. The analyses are done through a
biomechanical oscillatory model of the mitotic spindle.

2. METHODS
The analyses of the kinetic energy of dyads of sister
chromatidsin the mitotic system are done through the
biomechanical oscillatory model of the mitotic spindle.
The numerical analyses were based on our previous
studies [9], [10]. The biomechanical oscillatory model
of the mitotic spindle is presented as a system of
coupled oscillators where coupling is made over two
rheonomic centers – centrosomes. One oscillatory pair
consists of a centrosome, a microtubule, and a related
chromosome and these are interconnected with their
homologous pair. Each element in the model has its
mechanical counterpart. See Fig 1B and ref [4], [9],
[10].
The analytical expressions for the kinetic energy of the
oscillating dyads of sister chromatids are given for the
case when the biomechanical system of the mitotic
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spindle is conservative, linear, and when it oscillates
under external single-frequency oscillation. These are
the assumptions of the model. Although the
environment (cytoplasm) where chromosomes are
oscillating in metaphase and anaphase can be
considered as a fluid with low Reynold number for the
simplicity of mathematical formulations we do not take
into account turbulent damping and viscose drag.

without any energy dissipation; the kinematical
excitation of the rheonomic centers of oscillation is
each with a single frequency and only in the vertical
axis while the movement of the centrosomes in the
other axis is neglected. We assume that the eigen
oscillations of the subsystem are negligible so they are
not considered.
This model utilized the principle of dynamical
equilibrium. On basis of this principle we create system
of differential equations that describes sum of active,
reactive and fictive forces that are present in system of
mitotic spindle. Using the particular solutions of the
system of differential equations we determined the
kinetic energy of dyads of sister chromatids
corresponded to forced vibrations.
2.1. The kinetic energy in the system of the mitotic
spindle in the pure elastic model
The total kinetic energy E K ,ik of the

ik

- dyads of

sister chromatidsincluding the kinetic energies of
centrosomes caused by rheonomic excitation coupled
with a standard light elastic element under the
 uik   dik   ik angle with the direction of kinematic
excitation (see Fig. 1B and Refs [11]-[13]) is:
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Figure 1. A. The schematic representation of the centrosome
oscillatory frequencies and different positions of
chromosomes in the metaphase equatorial plane.
Chromosomes with heavier masses are marked red. The same
color of the centrosome denotes that centrosomes oscillate
with the same oscillatory frequency. B. The general proposed
oscillatory model of the mitotic spindle with inertia elements
on the poles of the cell that represent centrosomes. Only two
coupled pairs of homologue chromosomes are presented.

Numerical analyses with some approximation for
mouse chromosomes were done for the cases when
centrosomes oscillate with the same and with different
single frequencies. The arrangement of chromosomes
with different masses was varied for both cases. See
Fig. 1A.
The assumptions of the model: the rheonomic
centers of oscillation with masses M1 and M2 generate
oscillations and oscillate along a vertical axis.
Oscillations are transferred trough a standard light
elastic element to the homologous chromosome – mass
particle and its homologue pair. During anaphase,
dyads of sister chromatids are disconnected (the elastic
spring that interconnects mass particles breaks) and
the dyads move in an oscillatory manner to the
corresponding
centrosome-spindle
rheonomic
oscillatory centers. For the sake of the simplicity of the
model, we consider that the system is conservative
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(3)

with the assumption that the rheonomic centers of
excitation are equal;
where mu and md are masses of the homologue
chromosomes (upper and lower, respectively),

x u and

x d are the relative velocities for the upper and lower
dyads of sister chromatidsin the direction of the
standard light elastic element, and y uO1 cos uik and
y dO1 cos dik and y uO1 sin uik and y dO1 sin  dik are,
respectively, the components of the transfer velocity in
the collinear and orthogonal direction of the standard
light elastic element for upper and lower dyads of sister
chromatids. M u and M d are the masses and y uO1 and

y dO2 are the velocities of the rheonomic centers of
oscillations. See ref [4]. xu1k , xu 2 k , xd1k , and xd 2 k are
independent generalized coordinates for upper and
lower dyads of sister chromatids, y gO1 and y gO2 are the
rheonomic coordinates, i.e., the kinematical mobility of
the rheonomic centers, and cu1k , cu 2 k , cd 1k , and cd 2 k are
the rigidities of standard light elastic elements that
represent microtubules. In this paper, the rigidities of
all microtubules are considered equal. c1k and c2k are
rigidities of coupling between a pair of homologue
chromosomes and correspond to the rigidity of
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chromatin. In this paper, the rigidities of coupling
between a pair of homologue chromosomes are
considered equal.  u1k ,  u 2 k ,  d 1k , and  d 2k are angles
between the microtubules and the direction of
kinematic excitation, which is in this case considered
equal. See Fig 1B.
A mouse has 20 pairs of chromosomes. The angle of
mitotic spindle – an angle between the rheonomic
centers and the chromosomes on the very periphery of
the mitotic spindle – was taken to be π/2. Regarding
the vertical axis that interconnects the two opposite
rheonomic centers – centrosomes, we assume that the
dyads of sister chromatidsare equally distributed. The
distribution of chromosome masses is assumed to be
relatively symmetrical regarding the symmetry of the
line that interconnects two rheonomic centers
(intercentromeric distance). The model has a relatively
balanced distribution of chromosome masses in the
vertical axis of symmetry and an identical distribution
of masses in the horizontal plane – dyads of sister
chromatids. See ref [10].
The data on the chromosome mass for mouse
chromosomes were taken from ref [14]. As data in ref
[14] denote masses for 4 chromatids, data from the
table from ref [14] were divided by 2 and expressed in
kg. The numerical analysis thus corresponds to the first
meiotic division. The data on the rigidity of the
eukaryote metaphase chromosomes

cc

was calculated

from the equation c  Ec r  where E c is Young’s
c
lc
modulus of the eukaryote metaphase chromosome, r
2

What was determined was the distribution of
kinetical energies of dyads of sister chromatidsin the
mechanical oscillatory model of the mitotic spindle
regarding the different/same frequency of centrosome
excitation when:
A. chromosomes with heavier masses have the
central position – Fig. 1A and Fig. 1B;
B. chromosomes with heavier masses have a
peripheral position – Fig. 1C and Fig. 1D.

3. RESULTS AND DISCUSSION
3.1. Distribution of kinetic energies in the mitotic
spindle regarding mass distribution and
centrosome excitation
If centrosomes oscillate with different frequencies,
the energy of dyads of sister chromatids has a nonlinear oscillatory character. The maximum values of
the amplitudes of the kinetic energy of the same dyad
are equal in the case of equal frequencies of forced
centrosome excitation.
The kinetic energies of a dyads of sister chromatids
(mouse chromosome 1 to chromosome 10) when
chromosomes with heavier masses are positioned in
the central part of the equatorial plane of the mitotic
spindle are presented in Fig. 2 for the case with
different (Fig. 2A) and same (Fig. 2B) oscillatory
frequencies.

is the diameter and lc is the length of the eukaryote
metaphase chromosome taken from [15] ( Ec  10 3 Pa ,
r  3m , lc  20 m , cc  1.413103 N / m ). The rigidity
for the microtubules at 37ᵒC c m was calculated
2
2
according to the equation c  Em ( Ro  Ri ) where
m
lm

is Young’s modulus of microtubules at 37ᵒC,

Em

RO and

Ri are the outer and inner diameter of microtubules
respectively,
from

ref

lm

is the length of the microtubules taken
[16]

( E m  1.9  10 8 Pa , RO  30nm ,
Ri  18nm , c m  3.44  10 N / m ). The data for the
rheonomic centers of oscillation were calculated
according to the data for angular frequency oscillation
for centrosome taken from [17] (2π/T, for T1=20 s and
T2=15 s, 1  0.314 / s ,  2  0.419 / s . For the case
6

when centrosomes are considered to oscillate with the
same frequency, T1 was used for numerical
calculations. The centrosome mass was calculated from
the
centrosome
volume
(1.5
µm3)
from
http://www.proteinatlas.org/humancell/centrosome
and density (taken approximately as the data for the
density for the cell organelle – mitochondria 1.05 g/ml)
– (1.575x10-15 kg) [18]. The data for centrosome
amplitude oscillations were taken from [19]
(2.1 µm=2.1x10-6 m).

Figure 2. A. The kinetic energy for the first 10 pairs of mouse
chromosomes when they occupied the central part of the
mitotic spindle and when centrosomes oscillate with different
single frequencies. B. The kinetic energy for the first 10 pairs
of mouse chromosomes when they occupied the central part
of the mitotic spindle and when centrosomes oscillate with
the same single frequency.
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When the same 10 pairs of dyads of sister
chromatids are positioned at the peripheral part of the
mitotic spindle, the kinetic energies of a dyads of sister
chromatids are approximately higher for one order of
magnitude regardless of the fact whether the
centrosome oscillates with the same or different single
frequency. See Fig. 3.
Regardless of the distribution of chromosome
masses (central or peripheral position of chromosomes
with heavier masses), the kinetic energy for each
particular dyads of sister chromatids is lower in the
central zone of the mitotic spindle, but the amplitudes
of the kinetic energy for each dyad of sister chromatids
subsystems are lower when chromosomes with heavier
masses are positioned in the central zone of mitotic
spindle compared to the case when they have
peripheral positions in the mitotic spindle.

Figure 3. A. The kinetic energy for the first 10 pairs of mouse
chromosomes when they occupied a peripheral part of the
mitotic spindle and when centrosomes oscillate with different
single frequencies. B. The kinetic energy for the first 10 pairs
of mouse chromosomes when they occupied a peripheral part
of the mitotic spindle and when centrosomes oscillate with
the same single frequency.

The oscillatory model of the mitotic spindle shows
that the kinetic energy of oscillating dyads of sister
chromatids has not only a temporal but also a special
oscillatory character, indicating that kinetic energy is
not constant during the metaphase and not constant in
each part of the mitotic spindle. We are free to suggest
that this difference in energy distribution regarding
different centrosome oscillatory frequencies in the
same cell and mass chromosome distribution may
carry additional epigenetic information and could be
important for the process of cell differentiation. The
repositioning of the centrosome in the cells with
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pseudopods stabilizes a chosen direction of movement
[7].
In ref [20], the authors show that spindle
oscillations in anaphase are species-specific and that
the maximum amplitude of spindle oscillations is
determined by the time spent in the oscillating phase.
“Spindle shape asymmetry is a highly conserved
mechanism that also operates in the mouse developing
mammalian cerebral cortex where it plays a major role
in the tight spatiotemporal control of self-renewal and
differentiation during corticogenesis” [21]. In that
context, the numerical analysis which uses an
oscillatory model of the mitotic spindle indicates that
different centrosome excitation could be an important
factor in the process of cell differentiation. The cell
differentiation process is governed by the activation of
certain genes that is time-specific. The cell
microenvironment contributes to the process of gene
activation. Centrosome behavior is also governed by
specific genes. Differences in the kinetic energy pattern
of moving chromosomes when centrosomes are
oscillating with the same and with different frequencies
could not only be just the manifestation of different
centrosome behavior that is governed by specific genes,
but it could also carry additional epigenetic
information within the cell that could influence the
process of cell differentiation. The position of
chromosomes in the mitotic spindle also affects the
kinetic energy not only because of the different angle
that microtubules forms with the direction of the
kinematic excitation but also because of the different
distribution of chromosome masses within the system
of the mitotic spindle. Civelekoglu-Scholey and Cimini
[22] review the quantitative models of metaphase
chromosome dynamics, the models of metaphase
spindle length control and anaphase spindle
elongation: force-balance models, spindle elongation
model and the slide and cluster model. These models
are mostly focus on dynamics at the kinetochors, or
sliding between MTs. Force-balance models assume the
sum of the forces generated by various spindle parts to
be balanced by the viscous drag forces on the moving
chromosome. “Viscous drag forces are proportional to
the rate of movement and the friction coefficient of the
module.” [22] A new and very interesting model of
mitotic spindle as a whole was recently proposed by
Iakovliev et al [23]. They create a finite element
parameterised model of interpolar microtubules (MTs),
astral MTs and MT connectors varying the number of
MT filaments and the arrangement of their
interconnections to study the stability of equilibrium of
a mitotic spindle as a whole. In their model, MTs and
connectors are modeled on a basis on linearly elastic
isotropic Bernoulli-Euler beam, all parts of the spindle
are elastically coupled; any post-buckling is ignored.
They perform modal buckling analysis and obtain
critical buckling loads and associated modes. In our
model we do not take into account turbulent damping
and viscose drag for the simplicity of mathematical
formulations. We did the assumption that the system
of mitotic spindle is conservative. Behavior of
chromosome movements in viscous environment can
be partially explained by modeling microtubules as a
viscoelastic element, but that will be considered in our
future investigations. Our model is an oscillatory model
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which uses a different approach from the force-balance
models. Considering centrosomes as rheonomic centers
of oscillation is a new concept in modeling dynamics of
mitotic spindle.

3.

4. CONCLUSION
We study how different oscillatory behavior of
centrosomes and mass chromosome distribution in the
equatorial plane during metaphase affect the kinetic
energy of dyads of sister chromatids in the system of
the mitotic spindle.
The analyses are done through the biomechanical
oscillatory model of the mitotic spindle. Thenumerical
experiment reveals that the kinetic energy of an
oscillating dyads of sister chromatids has an oscillatory
character and is affected by the mass chromosome
distribution and the frequency of centrosome
excitation. Phenomenologically, this indicates that
position of chromosome and oscillatory pattern of
centrosomes are very important for the distribution of
energy inside the cytoplasm, postulating existence of
energy compartments inside the cell during the cell
division.
We are free to propose that cytoplasm energy
compartments due to different centrosome oscillatory
frequencies
and
different
arrangements
of
chromosomes may carry additional epigenetic
information and could be important for the process of
cell differentiation. If we can create an energy map of
dividing cell and learn how to interpret it, we can
develop a new experimental set up for detection of cell
differentiations and cancerogenesis. It is possible that
each cell line has its energy map in healthy and
pathological states. If we can learn how to read it, we
can improve the diagnostics and develop new
therapeutic approaches.
There some limitations of the model: system is
considered conservative, although real cell is nonconservative system, turbulent dumping and viscous
drag are not included into the model. The effects of
viscous drag may be covered by modeling the
microtubules as viscoelastic elements. We will try to
overcome these limitations of the model in our future
investigations.
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